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a b s t r a c t
In this paper, we introduce and consider a new class of equilibrium variational inequali-
ties, called the mixed general equilibrium bifunction variational inequalities. We suggest
and analyze some proximalmethods for solvingmixed general equilibriumbifunction vari-
ational inequalities using the auxiliary principle technique. Convergence of these methods
is considered under somemild suitable conditions. Several cases are also discussed. Results
in this paper include some new and known results as special cases.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Variational inequalities, which were introduced and first studied in the sixties, have been seen to be an important and
interesting branch of mathematical sciences with applications in industry, regional sciences, and pure and applied sciences.
Variational inequalities can be viewed as natural extensions of the variational principles. It is a well-known fact that the
optimality conditions for the minimum of a differentiable convex function on a convex set can be characterized by means
of the variational inequalities. Noor [1] has shown that the optimality conditions for differentiable nonconvex functions
on the nonconvex set can by characterized by means of a class of variational inequalities, called the general variational
inequalities. It has been shown that a wide class of odd-order and nonsymmetric boundary value problems can be studied
in the unified and general framework of the general variational inequalities. Related to the variational inequalities, there is
an equilibriumproblem,which ismainly due to BlumandOettli [2] andNoor andOettli [3]. Such problems have been studied
extensively in recent years due to their importance in pure and applied sciences. These problems have been extended and
generalized in several directions using novel and innovative ideas and techniques. See [2,4–10,1,11–18,3,19–32] and the
references therein for the applications, formulation, numerical methods and other aspects for the variational inequalities
and equilibrium problems.
Motivated and inspired by the research going on in this dynamic and interesting field, we introduce and study a new
class of equilibrium problems and bifunction variational inequalities, called the mixed general equilibrium bifunction
variational inequalities, in a unified manner. This class includes the mixed general equilibrium problems and the mixed
general bifunction variational inequalities as special cases. We have shown that the minimum of a sum of differentiable
nonconvex and directionally (Gateaux) differentiable nonconvex functions can be characterized by means of this new class
of general equilibrium bifunction variational inequalities. We note that the projection method and its variant form, the
resolvent method, cannot be used to suggest some iterative methods for solving the mixed general equilibrium bifunction
variational inequalities. This factmotivated us to use the technique of the auxiliary principle of Glowinski et al. [9] to suggest
and analyze some implicit iterative methods for solving the mixed general equilibrium bifunction variational inequalities;
see Algorithms 3.1–3.3. We also consider the convergence criterion for the proposedmethod (Algorithm 3.1) under suitable
mild conditions, thus obtaining themain results (Theorems 3.1 and 3.2) of this paper. Several special cases of ourmain results
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are also considered. Results obtained in this paper may be viewed as an improvement and refinement of the previously
known results. These may be extended to other classes of variational inequalities and equilibrium problems. Comparison
of these methods with other methods is an interesting problem for future research. Readers are encouraged to find novel
applications of the general equilibrium bifunction variational inequalities in pure and applied sciences.
2. Preliminaries
Let H be a real Hilbert space, whose inner product and norm are denoted by ⟨·, ·⟩ and ∥·∥ respectively. Let F(·, ·), T (·, ·) :
H × H → R be two bifunctions and let ϕ(·) be a continuous function. We recall the following well-known results and
concepts.
For given bifunctions F(·, ·), T (·, ·) : H×H → R and nonlinear operator g : H → H , we consider the problem of finding
u ∈ H such that
F(g(u), g(v))+ T (u, g(v)− g(u))+ φ(g(v))− φ(g(u)) ≥ 0, ∀v ∈ H. (2.1)
An inequality of the type (2.1) is called a mixed general equilibrium bifunction variational inequality. We now show that
the minimum of a sum of a differentiable nonconvex function, a directionally (Gateaux) differentiable nonconvex function
and a nondifferentiable nonconvex function can be characterized bymeans of a class ofmixed general equilibriumbifunction
variational inequalities of type (2.1). For this purpose, we recall the following well-known concepts, which are mainly due
to Youness [27] and Noor [18].
Definition 2.1. Let K be subset in the real Hilbert space H . The set K is said to be a g-convex set with respect to the operator
g : H → H if and only if
(1− t)g(u)+ tg(v) ∈ K , ∀u, v ∈ K : g(u), g(v) ∈ K , t ∈ [0, 1].
It is clear that every convex set is a g-convex set, but the converse is not true; see [18]. Note that if g ≡ I , then a g-convex
set is a convex set.
Definition 2.2. Let K be a g-convex set in H . A function f on the g-convex set K is said to be a g-convex function if and
only if
f ((1− t)g(u)+ tg(v)) ≤ (1− t)f (g(u))+ tf (g(v)), ∀u, v ∈ H : g(u), g(v) ∈ K , t ∈ [0, 1].
It is known that every convex function is a g-convex function, but the converse is not true; see Noor [18]. For more
information, see [11–13,18,27].
Remark 2.1. We now show that the minimum of a sum of differentiable, directionally differentiable and nondifferentiable
g-convex functions can be characterized by means of a problem of type (2.1). For this purpose, we consider the functional
I[v], which is defined as
I[v] = F(v)+ f (v)+ ϕ(v).
If F(·) is a differentiable g-convex function, f (·) is a directionally (Gateaux) differentiable g-convex function and ϕ(·) is a
nondifferentiable g-convex function, then, using the technique of Noor [18], one can easily show that the minimum of I[v]
on the g-convex set K can be characterized by means of a problem of the type (2.1) with
F(g(u), g(v)) = F ′(g(u), g(v)− g(u))
and
f ′(g(u), g(v)− g(u)) = T (u, g(v)− g(u)).
This shows that a problem of the type (2.1) can be used to characterize the optimum of nonconvex (g-convex) functions.
Similarly, other problems, which arise in different branches of pure and applied sciences, can be studied via the general and
unified framework of the problem (2.1) and its variant forms.
Special cases:
(1) If F(g(u), g(v)) = 0, then problem (2.1) is equivalent to finding u ∈ H such that
T (u, g(v)− g(u))+ φ(g(v))− φ(g(u)) ≥ 0, ∀v ∈ H, (2.2)
which is known as a mixed general bifunction variational inequality. A wide class of problems arising in elasticity,
fluid flow through porous media and optimization can be studied in the general framework of problems (2.2); see
[7–9,14,19–23].
If T (u, g(v)− g(u)) = 0, then problem (2.1) reduces to the problem of finding u ∈ H such that
F(g(u), g(v))+ φ(g(v))− φ(g(u)) ≥ 0, ∀v ∈ H, (2.3)
which is known as a mixed general equilibrium problem considered by Noor [11,13,16] and Noor and Noor [20].
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(2) Ifφ(·) is an indicator function of the closed convex setK inH , thenproblem (2.1) is equivalent to findingu ∈ H : g(u) ∈ K
satisfying
F(g(u), g(v))+ T (u, g(v)− g(u)) ≥ 0, ∀v ∈ H : g(v) ∈ K , (2.4)
which is known as a general equilibrium bifunction variational inequality and appears to be a new one.
If ϕ(·) is an indicator function, then (2.2) is equivalent to finding u ∈ H : g(u) ∈ K such that
T (u, g(v)− g(u)) ≥ 0, ∀v ∈ H : g(v) ∈ K , (2.5)
which is called the classical general bifunction variational inequality. It can be shown that theminimumof a directionally
differentiable nonconvex function on a nonconvex set in a Hilbert space can be characterized by means of a general
bifunction variational inequality of type (2.5). This shows that the general bifunction variational inequalities have
the same relationship with nonconvex functions as the bifunction variational inequalities have with the directionally
differentiable convex functions.
If ϕ(·) is an indicator function, then the problem (2.3) is equivalent to finding u ∈ H : g(u) ∈ K such that
F(g(u), g(v)) ≥ 0, ∀v ∈ H : g(u) ∈ K , (2.6)
which is known as a general equilibrium problem introduced and studied by Noor [11,13]. For g = I , the identity
operator, problem (2.6) is exactly the same equilibrium problem as was introduced and studied by Blum and Oettli [2]
and Noor and Oettli [3].
For an appropriate and suitable choice of the operators and spaces, one can obtain several new and previously known
classes of the mixed equilibrium problems and variational inequalities; see [2,4–10,1,11–18,3,19–26].
Definition 2.3. The bifunction T (·, ·) : H × H → R is said to be monotone type (I) with respect to the operator g if and
only if
T (u, g(v)− g(u))+ T (v, g(u)− g(v)) ≥ 0, ∀u, v ∈ H.
Definition 2.4. A bifunction F : H × H → R is said to be monotone type (II) with respect to the operator g if and only if
F(g(u), g(v))+ F(g(v), g(u)) ≤ 0, ∀u, v ∈ H.
3. The main results
In this section,we use the auxiliary principle technique to suggest and analyze some implicit iterativemethods for solving
the mixed general equilibrium bifunction variational inequality (2.1). This technique is due to Glowinski et al. [9] and has
been used by Noor [14–16] to develop several iterative methods for solving various classes of variational inequalities and
equilibrium problems. Here we consider only three cases, to convey themain idea and technique. The interested readermay
consider other cases.
I. For a given u ∈ H , consider the problem of findingw ∈ H such that
ρF(g(w), g(v))+ ρT (w, g(v)− g(w))+ ⟨g(w)− g(u), g(v)− g(w)⟩
≥ ρφ(g(w))− ρφ(g(v)), ∀v ∈ H. (3.1)
Note that if w = u, then w ∈ K is a solution of (2.1). This observation enables us to suggest and analyze the following
iterative method for solving the mixed general equilibrium bifunction variational inequality (2.1).
Algorithm 3.1. For a given u0 ∈ H , compute un+1 ∈ H from the iterative scheme
ρF(g(un+1), g(v))+ ρT (un+1, g(v)− g(un+1))+ ⟨g(un+1)− g(un), g(v)− g(un+1)⟩
≥ ρφ(g(un+1))− ρφ(g(v)), ∀v ∈ H. (3.2)
II. For a given u ∈ H , consider the problem of finding aw ∈ H such that
ρF(g(u), g(v))+ ρT (w, g(v)− g(w))+ ⟨g(w)− g(u), g(v)− g(w)⟩
≥ ρφ(g(w))− ρφ(g(v)), ∀v ∈ H.
Note that if w = u, then w ∈ K is a solution of (2.1). This observation enables us to suggest and analyze the following
proximal iterative method for solving the mixed equilibrium bifunction variational inequality (2.1).
Algorithm 3.2. For a given u0 ∈ H , compute un+1 ∈ H from the iterative scheme
ρF(g(un), g(v))+ ρT (un+1, g(v)− g(un+1))+ ⟨g(un+1)− g(un), g(v)− g(un+1)⟩
≥ ρφ(g(un+1))− ρφ(g(v)), ∀v ∈ H.
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III. For a given u0 ∈ H , consider the problem of finding aw ∈ H such that
ρF(g(w), g(v))+ ρT (u, g(v)− g(w))+ ⟨g(w)− g(u), g(v)− g(w)⟩ ≥ ρφ(w)− ρφ(v), ∀v ∈ H.
Note that if w = u, then w ∈ K is a solution of (2.1). This observation enables us to suggest and analyze the following
iterative method for solving the mixed equilibrium bifunction variational inequalities (2.1).
Algorithm 3.3. For a given u0 ∈ H , compute un+1 ∈ H from the iterative scheme
ρF(g(un+1), g(v))+ ρT (un, g(v)− g(un+1))+ ⟨g(un+1)− g(un), g(v)− g(un+1)⟩
≥ ρφ(g(un+1))− ρφ(g(v)), ∀v ∈ H.
If φ(·) is an indicator function on the closed convex set K in H , then Algorithm 3.1 can be used to find the approximate
solution of problem (2.4), which appears to be a new one.
Algorithm 3.4. For a given u0 ∈ H , compute un+1 ∈ H from the iterative scheme
ρF(g(un+1), g(v))+ ρT (un+1, g(v)− g(un+1))+ ⟨g(un+1)− g(un), g(v)− g(un+1)⟩ ≥ 0, ∀v ∈ H : g(v) ∈ K .
For a suitable and appropriate choice of F(·, ·), T , ϕ(·) and spaces, one can define iterative algorithms as special cases of
Algorithms 3.2 and 3.3 in order to find the solutions to different classes of equilibrium problems and variational inequalities.
We now study the convergence analysis of Algorithm 3.1. Convergence analysis of other algorithms can be proved using
the same technique.
Theorem 3.1. Let u ∈ H be a solution of (2.1) and un+1 ∈ H be an approximate solution obtained from Algorithm 3.1. If the
bifunctions F(·, ·) and T (·, ·) are monotone type (I) and monotone type (II) respectively, then
∥g(u)− g(un+1)∥2 ≤ ∥g(u)− g(un)∥2 − ∥g(un+1)− g(un)∥2 . (3.3)
Proof. Let u ∈ H be a solution of (2.1). Then, replacing v by un+1 in (2.1), we have
ρF(g(u), g(un+1))+ ρT (u, g(un+1)− g(u))+ ρφ(g(un+1))− ρφ(g(u)) ≥ 0. (3.4)
Let un+1 ∈ H be the approximate solution obtained from Algorithm 3.1. Taking v = u in (3.2), we have
ρF(g(un+1), g(u))+ ρT (un+1, g(u)− g(un+1))+ ρφ(g(u))− ρφ(g(un+1))
+ ⟨g(un+1)− g(un), g(u)− g(un+1)⟩ ≥ 0. (3.5)
Adding (3.4) and (3.5), we have
ρ[F(g(u), g(un+1))+ F(g(un+1), g(u))] + ρT (u, g(un+1)− g(u))+ ρT (un+1, g(u)− g(un+1))
+ ⟨g(un+1)− g(un), g(u)− g(un+1)⟩ ≥ 0
which implies that
⟨g(un+1)− g(un), g(u)− g(un+1)⟩ ≥ −ρ[F(g(un+1), g(u))+ F(g(u), g(un+1))]
+ ρT (u, g(un+1)− g(u))+ ρT (un+1, g(u)− g(un+1))
≥ 0, (3.6)
where we have used the monotonicity types (I) and (II) of bifunctions F(·, ·) and T (·, ·) respectively. Using the relation
2 ⟨u, v⟩ = ∥u+ v∥2 − ∥u∥2 − ∥v∥2 ,∀u, v ∈ H in (3.6), we have
∥g(u)− g(un+1)∥2 ≤ ∥g(u)− g(un)∥2 − ∥g(un+1)− g(un)∥2 ,
which is the required result (3.3). 
Theorem 3.2. Assume that all the assumptions of Theorem 3.1 hold. Let H be a finite dimensional space. Let un+1 be the ap-
proximate solution obtained from Algorithm 3.1 and u ∈ H be a solution of problem (2.1). If the bifunctions F(·, ·), T (·, ·) are
continuous in both variables and the operator g is continuous such that g−1 exists, then limn→∞ un = u.
Proof. Let u ∈ H be a solution of (2.1). Then, we see that the sequence {∥g(u)− g(un)∥} is nonincreasing and consequently
{un} is bounded under the assumption on the operator g . Also from (3.3), we have
∞
n=0
∥g(un+1)− g(un)∥2 ≤ ∥g(u)− g(u0)∥2 ,
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which implies that limn→∞ ∥g(un+1)− g(un)∥ = 0, from which it follows that
lim
n→∞ ∥un+1 − un∥ = 0, (3.7)




of this sequence converges to uˆ ∈ H . Replacing un
by unj in (3.2) and taking the limit nj →∞ and using (3.7), we have
F(g(uˆ), g(v))+ T (uˆ, g(v)− g(uˆ))+ φ(g(v))− φ(g(uˆ)) ≥ 0, ∀v ∈ H,
which shows that uˆ solves the mixed general equilibrium bifunction variational inequality (2.1) andg(un+1)− g(uˆ)2 ≤ g(un)− g(uˆ)2 .
Thus, it follows from the above inequality that the sequence {un} has exactly one cluster point and limn→∞ un = uˆ, the
required result. 
Conclusion: In this paper, we have introduced and considered a new class of general equilibrium bifunction variational
inequalities. It is shown that the optimumof the sumof differentiable and directional differentiable nonconvex functions can
be characterized by means of this class. We have used the auxiliary principle technique to suggest some proximal iterative
methods for solving the mixed general equilibrium bifunction variational inequality. We have analyzed the convergence
criteria of these new proximal methods under some very mild conditions on the operators involved. Some special cases
are also discussed. These results may be extended for solving various classes of variational inequalities and equilibrium
problems; see [28–32]. The technique and ideas used in obtaining the results of this paper may inspire further research in
these fields and related areas.
Acknowledgments
The authors are grateful to Dr. S.M. Junaid Zaidi, Rector, COMSATS Institute of Information Technology, Pakistan, for
providing excellent research facilities. The authors would also like to thank the referees for their constructive and valuable
comments.
References
[1] M.A. Noor, New approximation schemes for general variational inequalities, J. Math. Anal. Appl. 251 (2000) 217–229.
[2] E. Blum, W. Oettli, From optimization and variational inequalities to equilibrium problems, Math. Student 63 (1–4) (1994) 123–145.
[3] M.A. Noor, W. Oettli, On general nonlinear complementarity problems and quasi-equilibria, Mathematiche (Catania) 49 (1994) 313–331.
[4] G.P. Crespi, J. Ginchev, M. Rocca, Existence of solutions and star-shapedness in Minty variational inequalities, J. Global Optim. 32 (2005) 485–494.
[5] G.P. Crespi, J. Ginchev, M. Rocca, Some remarks on the Minty-vector variational principle, J. Math. Anal. Appl. 345 (2008) 165–175.
[6] Y.P. Fang, R. Hu, Parametric well-posedness for variational inequalities defined by bifunction, Comput. Math. Appl. 53 (2007) 1306–1316.
[7] F. Giannessi, A. Maugeri (Eds.), Variational Inequalities and Network Equilibrium Problems, Plenum Press, New York, 1995.
[8] F. Giannessi, A. Maugeri, P.M. Pardalos (Eds.), Equilibrium Problems: Nonsmooth Optimization and Variational Inequality Methods, Nonconvex
Optimization and Its Applications, Kluwer Academic, Dordrecht, Holland, 2001.
[9] R. Glowinski, J.L. Lions, R. Tremolieres, Numerical Analysis of Variational Inequalities, North-Holland, Amsterdam, Holland, 1981.
[10] M.A. Noor, General variational inequalities, Appl. Math. Lett. 1 (1988) 119–121.
[11] M.A. Noor, Multivalued general equilibrium problems, J. Math. Anal. Appl. 283 (2003) 140–149.
[12] M.A. Noor, Some developments in general variational inequalities, Appl. Math. Comput. 152 (2004) 199–277.
[13] M.A. Noor, On a class of nonconvex equilibrium problems, Appl. Math. Comput. 157 (2004) 653–666.
[14] M.A Noor, Fundamentals of mixed quasi variational inequalities, Inter. J. Pure Appl. Math. 15 (2004) 137–258.
[15] M.A. Noor, Auxiliary principle technique for equilibrium problems, J. Optim. Theory Appl. 122 (2004) 371–386.
[16] M.A. Noor, Fundamentals of equilibrium problems, Math. Inequal. Appl. 9 (2006) 529–566.
[17] M.A. Noor, Some new classes of nonconvex functions, Nonlinear Funct. Anal. Appl. 11 (2006) 165–171.
[18] M.A. Noor, Extended general variational inequalities, Appl. Math. Lett. 22 (2009) 182–185.
[19] M.A. Noor, K.I. Noor, On equilibrium problems, Appl. Math. E-Notes 4 (2004) 125–132.
[20] M.A. Noor, K.I. Noor, Iterative schemes for trifunction hemivariational inequalities, Optim. Lett. 5 (2011) 273–282.
[21] M.A. Noor, K.I. Noor, T.M. Rassias, Some aspects of variational inequalities, J. Comput. Appl. Math. 47 (1993) 285–312.
[22] M.A. Noor, Th.M. Rassias, On nonconvex equilibrium problems, J. Math. Anal. Appl. 312 (2005) 289–299.
[23] M.A. Noor, K.I. Noor, Z.Y. Huang, Bifunction hemivariational inequalities, J. Appl. Math. Comput. 35 (2011) 595–605.
[24] M.A. Noor, K.I. Noor, E. Al-Said, Auxiliary principle technique for solving bifunction variational inequalities, J. Optim. Theory Appl. 149 (2011) 441–445.
[25] M.A. Noor, K.I. Noor, E. Al-Said, On nonconvex bifunction variational inequalities, Optim. Lett., http://dx.doi.org/10.1007/s11590-011-0342-y.
[26] P.M. Pardalos, T.M. Rassias, A.A. Khan, Nonlinear Analysis and Variational Problems, Springer, Berlin, 2010.
[27] E.A. Youness, E-convex sets, E-convex functions and E-convex programming, J. Optim. Theory. Appl. 102 (1999) 439–450.
[28] M.A. Noor, K.I. Noor, E. Al-Said, Iterative methods for solving nonconvex equilibrium variational inequalities, Appl. Math. Inform. Sci. 6 (1) (2012)
65–69.
[29] M.A. Noor, K.I. Noor, Some new classes of extended general mixed quasi-variational inequalities, Abstr. Appl. Anal. 2012 (2012). Article ID: 962978.
[30] M.A. Noor, K.I. Noor, S. Zainab, Some iterative methods for solving nonconvex bifunction equilibrium variational inequalities, J. Appl. Math. 2012
(2012). Article ID: 280451.
[31] M.A. Noor, Some aspects of extended general variational inequalities, Abstr. Appl. Anal. 2012 (2012). Article ID: 303569.
[32] M.A. Noor, Parametric extended general mixed variational inequalities, J. Appl. Math. 2012 (2012). Article ID: 201947.
